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Abstract 

Motivated by recent accelerating cosmological model, we derive the solutions 
to vacuum Einstein equation in (d + l)-dimensional Minkowski space with n- 
dimensional hyperbolic manifold. The conditions of accelerating expansion are 
given in such a set up. 



*E-mail address: mito@eken.phys.nagoya-u.ac.jp 



1 



Recently, Townsend and Wohlharth discovered a solution of the four-dimensional 
accelerating cosmologies with compact hyperbolic manifold [1]. By avoiding the as- 
sumptions of a no-go theorem [2], it was pointed out that the accelerating phase arises 
in a interval. The features of the model are that the four-dimensional metric is Einstein 
frame and the compact hyperbolic manifold is time-dependent. Before [1], the inves- 
tigations of FRW universes with closed hyperbolic internal space have been widely 
performed [3, 4, 5, 6, 7]. Furthermore it has been shown that the model is closely 
connection with the S-branes which correspond to time- dependent solutions of super- 
gravity with p-form [8, 9, 10, 11, 12, 13, 14]. Thus it is expected that the accelerating 
universe supported by astronomical observations may be explained by string/M-theory. 

From the theoretical point of view, we are interested in the higher dimensional 
cosmological model motivated by the model of Ref.[l]. In this letter, we derive the 
solutions to the vacuum Einstein equation in time-dependent Aid+i x H n , where Aid+i 
and H n are (d + l)-dimensional Minkowski and n-dimensional hyperbolic manifold, 
respectively. Furthermore we investigate the conditions of accelerated expansion of the 
present model. 

Adopting the Einstein frame metric for d > 3, we can take ansatz for time- 
dependent metric 



where a(t) corresponds to the scale factor of ^-dimensions. For the n-dimensional 
hyperbolic manifold, the Ricci tensor is given by 



ds 2 = 6<«-i (t)ds 2 d+1 + b~~(t)ds 2 n 



n > 



(1) 



where 



ds 2 d+1 = -a 2d {t)dt 2 + a 2 {t)dx 2 d , 



(2) 



Tlab = -(n- l)g ab . 



(3) 



The Ricci tensors for metric (1) are evaluated as follows, 
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T^ab — 



n 



-2d 



(n-1) 



9ab 



(4) 



where /i, z/ and a, 6 represent Aid+i and ff n , respectively. The dot denotes the derivative 
with respect to the time t. In order to simplify the vacuum Einstein equation for metric 
ansatz, we define variables X and Y by 



b 

a 



,,A' 



Using the new variables, the equations of motion can be rewritten as 

2 X -a(-^— + -\x 2 -dY + d(d-l)Y 2 = 0, 
a — 1 nj 



d-1 



—i x + Y = °- 

2 



Performing the integral of (7), and we have 
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-X + Y = ft + g, 



(5) 

(6) 
(7) 
(8) 

(9) 



d- 1 

where / and g are integration constants. Substituting (9) into (6) and (8), the equations 
of motion can be written in terms of X 

n-1 



X + 2 X 2 - 2fdX + -did - l)/ 2 = 

n 2 

X = --n{n-l)e^ d e- A ^ x+2d f\ 
2 



In order to solve (11), we define Z by 



n — 1 

Z = -4 X + 2dft . 



n 



Consequently, the second order differential equation can be obtained 

Z = 2(n - l) 2 e 2gd e z . 
Performing the integral of the above equation, we have 

Z 2 = A(n-l) 2 e 29d e z + h, 



(10) 
(11) 

(12) 
(13) 
(14) 



where h is positive integration constant. Therefore, the solution to the Z is given by 

z_ h z~ 2gd 
6 ~4(n-l)2 8inh 2^ (t + to) ' (15) 

where to is the integration constant. Furthermore, (12) can be rewritten in terms of Z 

2nZ-nZ 2 + 4:f 2 d(n + d-l) = 0. (16) 

Substituting (13) and (14) into (16), the relation between the integration constants h 
and / can be expressed as 

h = 4 d{n + *- 1) f. (17) 

Here we simply take / = 1, g — 0, to — 0. Combining with (9), (12) and (15), and we 
have 



V ™ / 



J \ 2(n-l) 



(n — 1) sinh7|t| 



e -(„-i)(d-i)* — 19 

\(n- l)sinh 7 t \ v ; 



where 



7 = f {n + *- 1] • (20) 

Note that the argument of the hyperbolic sine can be taken to be positive in order that 
the solutions are real. 

For d — 3, obviously, (18) and (19) are completely consistent with the metric in 
Ref.[l]. Furthermore it is considered that the results obtained here are included in 
S-brane solutions in arbitrary dimensions derived by N. Ohta [10]. 

Below we shall investigate expansion and acceleration in the case of d > 3. From 
the metric (2), the proper time 77 for (d + 1) -dimensional world is given by dr\ = a d dt. 
The condition of expanding (d+ l)-dimensional universe, da/drj > 0, leads to 



^w^ c °n^^ ti<0 ' <2i) 

The above inequality is satisfied for negative t since the coefficient of hyperbolic cotan- 
gent is always larger than one. 
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Moreover the condition of accelerating (d + l)-dimensional universe, d 2 a/drf > 0, 
leads to 



r2m ^ d(n-l) 1 



M (*) < 5 -, 7 • (22) 

n + <Z - 1 ginh 2 (^SEll ^ 

The accelerating phase arises if the conditions (21) and (22) are simultaneously satisfied 
at negative t. As for the asymptotic relationship between time t and proper time 77, 
note that t — > —00 corresponds to i] — > +0 while £ — > — corresponds to r — > 00. 
Furthermore the asymptotic behavior of scale factor for 77 is expressed as 



0(77) ~ < 



r/d for 77 — > +0 (t — > —00) 

(23) 

n 

fjn+d-i for 77 — > 00 (i — > —0) 



For small 77, note that scale factor is independent of n. 

The interval of accelerating expansion is determined by d 2 a/drf = 0. Therefore we 

get 

V^T(Vd+ 1) 



*l = -1/37 A 7T lo S 



d(n + d-l) v 7 ^ - + d - 1 
v / ^T(v / d- 1) 



t2 " V d{n + d-l) 1 ^ y/Zd-X + d-1' (24) 

where ti and ti are start and end of acceleration, respectively. Using the above re- 
sults, we can estimate the e-foldings number in an interval of acceleration, namely, 
log(a(t 2 )/a(£i)) = 0(1). As indicated in Ref.[15], since the e-foldings number is of 
order one, it is questionable whether the present model is worthy of inflation model. It 
is expected that models or mechanisms for enlarging e-foldings number are proposed 
in the future. 

In summary, we derived the solutions to vacuum Einstein equation in M.d+i x H n 
with Einstein frame metric for d > 3, triggered by recent accelerating cosmological 
model of Ref . [1] . We provided the conditions of accelerating expansion and the asymp- 
totic behaviors of scale factor. Moreover, the start and end of acceleration are given 
and it was pointed out that the e-foldings number during the interval is approximately 
of order one for proper values of n, d. 
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